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Abstract 

Perturbations of super Poincare and weak Poincare inequalities for Levy type 
Dirichlet forms are studied. When the range of jumps is finite our results are natural 
extensions to the corresponding ones derived earlier for diffusion processes; and we 
show that the study for the situation with infinite range of jumps is essentially 
different. Some examples are presented to illustrate the optimality of our results. 
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1 Introduction 

Functional inequalities of Dirichlet forms are powerful tools in the study of Markov semi- 
groups and spectral theory of Dirichlet operators, see [H El [H [H] for accounts on func- 
tional inequalities and applications. To establish a functional inequality, one often needs 
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to verify some conditions on the generator, for instances the Bakry- Emery curvature con- 
dition in the diffusion setting or the Lyapunov condition in a general setting, see e.g. 
[HI El [H]. Since these conditions exclude generators with less regular coefficients, to es- 
tablish functional inequalities in a more general setting one treats the singularity part as 
a perturbation. So, it is important to investigate perturbations of functional inequalities. 

In [2], sharp growth conditions have been presented for perturbations of super Poincare 
and weak Poincare inequalities in the diffusion setting (i.e. the underlying Dirichlet form 
is local). Note that these two kinds of functional inequalities are general enough to cover 
all Poincare/Sobolev/Nash type inequalities, and thus, have a broad range of applica- 
tions. Recently, explicit sufficient conditions were derived in (U El QUI [15] for functional 
inequalities of stable-like Dirichlet forms. The aim of this paper is to extend perturbation 
results derived in [2] to the non-local setting, so that combining with the existing sufficient 
conditions we are able to establish functional inequalities for more general Dirichlet forms. 
Due to the lack of the chain rule, the study of the non-local setting is usually more com- 
plicated. Nevertheless, we are able to present some relatively clean perturbation results, 
which are sharp as illustrated by some examples latter on, and when the range of jumps 
is finite, are natural extensions to the corresponding results derived earlier for diffusion 
processes. 

Let (E, d) be a Polish space equipped with the Borel cx-field & and a probability 
measure \i. Let £8{E) be the set of all measurable functions on E, and let S$b{E) be 
the set of all bounded elements in SSiE). Let q G SSiE x E) be non-negative with 
q(x, x) = 0, x G E, such that 

(1.1) A := sup / (l A d(x, y) 2 )q(x, y)^(dy) < oo. 

x£E J E 

Then 



;i.2) 



T(f,g)(x):= (f(x)-f(y))(g(x)-g(y))q(x,y)fi(dy), Vx G E, 

J E 

f,g e^-.= {fe ® h {E) ■. r(fj) g SS h {E)} 



gives rise to a non-negatively definite bilinear map from stf x stf to S$b{E)- We assume 
that stf is dense in L 2 (fi). Then it is standard that the form 

: = /*(r(/,0)) 

(1.3) ff 

= lj if{x) - f(y))(g{x) - g{y))q{x,y)fi{dy)fi{dx), f,ge$/ 

J JExE 

is closable in L 2 (fi) and its closure ($ ', S 1 ^)) is a symmetric conservative Dirichlet form, 
see e.g. [3 Example 1.2.6]. A typical example of the framework is the a-stable-like 
Dirichlet form, where E = M m with d(x,y) = \x — y\, and 

q(x,y) = , .f X ' ^ . — — , a(dx) = u(x)dx 
Hy y> u(y)\x-y\ m + a ^ y ! y ' 
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for some a G (0,2), non-negative q G ^(R m x M. m ), and positive u G &(M. m ) such that 
n(dx) is a probability measure. In this case we have stf D Co(IR m ) which is dense in L 2 (n) 
for any probability measure fi on IR m . 

To investigate perturbations of functional inequalities using growth conditions as in 
[2], we fix a point o G E and denote p(x) = d(o, x),x G E. Now, for a p-locally bounded 
measurable function V on E (i.e. V is bounded on the set {x G E : p(x) < r} for all 
r > 0) such that fi(e v ) = 1, let fj, v (dx) = e v ^ x '/i(dx). Since for every / G T(f,f) 
given by ( II. 2p is a bounded measurable function on £, we have 

MfJ) ■= ! r(/,/)(x)^(dx)<oo. 
Je 

Again by the argument in [7J Example 1.2.6], the form 

&v{f, 9) ■= Hv(T(f, 9)) = / / {f(x) - f{y))(g(x) - g(y))q{x, y)fx{dy)fi v (dx) 

J J ExE 

defined for /, g G srf is closable in L 2 (fi v ) and its closure (Sy, &{Sy)) is a symmetric 
conservative Dirichlet form. 

In this paper, we shall assume that $ satisfies a functional inequality and then search 
for conditions on V such that $y satisfies the same type of functional inequality. In the 
following two sections, we study perturbations of the super Poincare inequality and the 
weak Poincare inequality respectively. Each section includes some typical examples to 
illustrate the main results. Throughout the paper, we simply denote that r(/) = r(/, /), 
*(f) = *{f,f) and 4Kf) = *,(/,/). 

2 Perturbations of the super Poincare inequality 

In Subsection 2.1 we state two results for perturbations of the super Poincare inequality 
using growth conditions and present some examples to illustrate the results. Subsection 
2.2 includes proofs of these results. Finally, in Subsection 2.3 we prove that the super 
Poincare inequality is stable for perturbations under a variation condition on the support 
of q, which extends a known result for diffusion processes. 

2.1 Main results and examples 

We consider the following super Poincare inequality introduced in [T2l [13] : 
(2.1) //(/ 2 )<r#(/)+/3(r)MI/|) 2 , r>0, 

where /3 : (0, oo) —> (0, oo) is a decreasing function. Note that if ( 12. 1} holds for some 
non-decreasing function f3, it holds also for the decreasing function (3{r) := inf s6 ( 0)r i j3(s) 
in place of (3{r). 
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To establish a super Poincare inequality for Sy, we need the following quantities. For 
any n > 1 and k > 1, let 

K rhk (y)= sup V{x)- inf V(x), 

p(z)<n+2 p(x)<n+fc+2 

J n , k (V)= sup V(x)-2 inf V(x), 

p(x)<n+l p(x)<n+fc+2 

e^V) = sup \r l (l/[MP >m- l)])e^^ y )|, 

m>n - 1 

where := inf{r > : /3(r) < s} for s > 0, with inf := oo by convention. 

When the jump is of finite range, i.e. there exists k > such that q(x, y) = for 
d(x,y) > ho, we have the following result similar to [2j Theorem 3.1] for local Dirichlet 
forms. 

Theorem 2.1. Assume that (12.11) holds and there exists ko > 1 such that q{x,y) = for 
d(x,y) > k . 

(1) If inf E nt k{V) = 0, then the super Poincare inequality (12. 5p holds with 

n>l,k>kQ ' 

P v (r) :=inf |(1 + 8Ar')e J "- fe(y) /3(s) : s > 0,r' E (0,r],n > l,fc > A; 
such that 8e nk (V) + se K ^ k{v) < T —^\. 

(2) // inf £ n ,fe(^) < oo, then the defective Poincare inequality 

n>l,k>ko ' 

(2.2) Mf) < CxMf) + CW(I/I) 2 , f e 

ZioZds /or some constants C\,Ci > 0. 

We note that according to [TTJ, Proposition 1.3] (see also [TH Proposition 4.1.2]), if <£y 
satisfies the weak Poincare inequality (see Section 4 below) then the defective Poincare 
inequality (12.2ft implies the Poincare inequality 

Mf)<CMf), fe@(£r),ti V (f) = 

for some constant C > 0. 

When the jump is of infinite range, we will need additional notation and assumptions to 
control the uniform norm appearing in the perturbed functional inequalities (see Lemmas 
12.61 and [ 2 . 71 below) . which is an essentially different feature from the diffusion setting. For 
any n, k > 1 and 5 > 1, let 

Z n (V)= sup V(x), 

p(x)<n+l 

UV) = sup {^(I/IMP > m- l)])e z ^( y )|, 

m>n - 1 

i 



Moreover, let 



ln,k = I / q(x,y)n(dy)n(dx) 

' {d(x,y)>k,p{y)>n-l} 



Vn,k= q(x,y)/i(dy)ii(dx). 

J J {p(x)>n+k+2,p(y)<n+l} 

By (11. ip . we see that + r\ n ^ I as n ~\ oo holds for any > 1. 
We assume 

(A) There exist 5 > 1 and sequences {(ni, ki)}i>i C N 2 such that rij 7 oo and 
(Al) lim i _ 00 (e n . fci (y) + WiOWe*"*'* 400 ) = 0; 
(A2) E£i fe^ + WWlOe^^A} < 00. 

We shall let 7,5 denote the set of all sequences {(rij, fcj)} C N 2 such that j" 00 and 
(Al)-(A2) hold. Moreover, for any r > and {n^, /c^} G J^, let -D(r, {(rij, /cj)}) be the set 
of j G N such that 



where c(5) := ( v/ ^~ 1 ) 2 , and such that 



(2-3) sup (Se^V) + t^ft V>^W) < ^ A i > j, 



(2-4) ]T (fiCn.C^Tn.A + ^)e^ W^, fci )5 l+2 < ^L. 

By (A), we see that for any r > and {(rij, fcj)} G is, the set -D(r, {(n i; fcj)}) is non-empty. 
Theorem 2.2. Assume that (12. ip holds. 

(1) If (A) is satisfied, then the super Poincare inequality 

(2.5) M/ 2 )<^(/)+Mr)MI/l) 2 > r > 0, / G @($y) 

holds with 

(3 v (r) := M !^25 j : {(n u k t )} G j G £>(r, {(ri;, ^)})| < 00, r > 0. 

(2) // (A2) is satisfied and (Al) is replaced by the following weaker assumption 

(Al') \jmsixp i ^ 0O (e n . tki (y) + U tnitk .(6, V)) < 00, 

then the defective Poincare inequality (12.21) holds for some C\,Ci > 0. 
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The following example shows that Theorem 12.21 is sharp in some specific situations. 

Example 2.3. Let E = W 11 with d(x,y) = \x — y\, and let 

(l + Mr +a log(l + M) c m , Q dx 
q( x ,y) = r: — -jz-rz , //(dz) 



(1 + |x|) m+Q log(l + |x|)' 

where a G (0, 2) and c mjQ > is the normalizing constant such that /i is a probability 
measure. It is easy to see that all the assumptions in the introduction for {$ , are 
satisfied. We consider V satisfying 

(2.6) -seloglog(e+ - K <V{x) < (1 - s)eloglog(e+ + x G M' m 
for some constants e G (0, 1], s G [0, 1] and ifel such that /i(e y ) = 1. 

(1) If e < 1 then O holds with 

(2.7) /3 y (r)=exp(C 1 (l + r- 1 /( 1 - £ ))), 
for some constant Ci > 0. 

(2) f3y in (1) can not be replaced by any essentially smaller functions, i.e. when V(x) = 
5loglog(e + |x|) + K for some constant K G M such that /i(e y ) = 1, the estimate 
(12.71) is sharp in the sense that the super Poincare inequality (12. 5p does not hold if 

limr 1/(1 - £) log/3y(r) = 0. 

(3) In (1) the constant K can not be replaced by any unbounded positive function, i.e. 
for any increasing function (j) : [0, oo) — > [0, oo) with <f>(r) t oo as r j" oo, there exists 
V such that 

(2.8) e loglog(e + |a;|) < V(x) < e loglog(e + \x\) + 4>(\x\) 

with yu(e y ) < oo, but the super Poincare inequality (12.51) with (3y given by (12.71) 
does not hold for /iy(dx) := e ^ . 

(4) If e = 1, then (£y, ^(Sy)) satisfies the Poincare inequality 

(2.9) Mf) < C£v{f, f) + Mf) 2 , f e ®W 

with some constant C > 0. 

Proof. As (2) is included in [151 Corollary 1.3], we only prove (1), (3) and (4). 

(a) According to [TBI Corollary 1.3(3)], we know the logarithmic Sobolev inequality 
holds for {$, !$($)), i.e. the super Poincare inequality (12. ip holds for (<f, with the 

rate function /3(r) = exp (ci(l + r -1 )) for some constant c\ > 0. 



6 



Next, by (12. 6p . there exists a constant c 2 > such that for n large enough 

K n A V ) <^ log log n + c 2 , J n , n (V) < (1 + s)e\og\ogn + c 2 , 
Z n (V)<(l-s)e\og\ogn + c 2 , ( n (V) < - ,^_ qV , e n , n (V) < 



(2.10) log 1 (i s ' £ n log n 

< 2L < ° 2 

n Q n Q iog(l + n) 

For any 5 > 1, taking {nj} = and fcj = rij, we get that £^^(5, V) < c^ 1 for z 

large enough and some constant c 3 > 0. So, assumption (A) is fulfilled. 

Moreover, by (12.31) and (12. 4p . it is easy to check that for r > small enough we have 



[j>l:j> C4r-&}cD(r,{{m,ki)}). 



Then, the assertion in (1) follows from Theorem 12.2( 1) and (12.101) . 

(b) Let ip(r) = (1 + log(l + r)) A e# r) for r > 0. Then 1 < ip < e^, ^(r) f oo as r f oo 
and ^>(r) < 21ogr for large r. Let 

V(x) = eloglog(e + \x\) + log^d^D- 

Then V satisfies (12. 8p and n(e v ) < oo. Up to a normalization constant we may simply 
assume that «i/(dic) = e y ^dx. 

Now, suppose that {23} holds with (3 V given by (12771) . For any n > 1, let / n G <7°°(M d ) 
satisfy that 

{= 0, \x\ < n, 

G[0,1], n<|a;|<2n, 
= 1, |x| > 2n, 

and |V/ n | < -. Then, there exists a constant c 5 > independent of n such that 



(2.11) , C^ + c„ ^ * 



7T 



2 / Li rr \m+a—2 m,a I i ™|m+a 

{|i/-a;|<n} li/ x l ./ {|?/-:E|>n} li/ x l 



< — , n > 1. 

According to the definition of /„, and the increasing property of i/), there exists C6 > 
such that 

(2.12) Mfn)> "f^l , n>2. 

n a log n 

On the other hand, since ip(r) < 21ogr for large r, we have 

ip(r)dr ^ Cglog £ n 
r i+a l g 1_e r ~ n 



Ml ■\>n)<c 7 I ,.„, : < „„ , n>2. 
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Then 

M/n) 2 < M/»)MI -\>n)< ^^^M/n), * > 2. 



Combining this with ( I2~5l) . ( ETTD and ( 12421) . we obtain 

Ca log £ 72 „ „ . Csr Cor log 1_£ 77, 

2.13 1 - S /3y r < < ,°. , r > 0, n > 2 

for some constant Cg > 0. Since -^(n) < 21ogn for large n, it is easy to see that 



v \2c 8 \og e nJ - log^n 
holds for some constant Cio > and large n. Therefore, it follows from (12.1 3p that 

1 r Cg^log 1 "^ 

- < hm — — = 0, 

2 n->oo ?/;(n) 

which is a contradiction. 

(c) If £ = 1 in (ESD, the estimate (12401) is still true. According to Theorem 0(2), 
the defective Poincare inequality (12. 2p holds for (Sy, @{<£v))- On the other hand, by 
[151 Theorem 1.1(3)], the weak Poincare inequality holds for {$v, @ {&/))• Therefore, 
the required Poincare inequality follows from [Til Proposition 1.3] or [TJ1 Proposition 
4.1.2]. □ 

Finally, we consider an example for finite range of jumps to illustrate Theorem 12.11 

Example 2.4. Let E = IR m with d(x, y) — \x — y\ and let 

Q( x ^y) = ] ^+Z 1 {\x-v\<i}, M da = c mA e N dx 

\x - y\ 

for some constants < a < 2, k > 1 and c mA > 1 such that fi is a probability measure. 
It is easy to see that all the assumptions in the introduction for ($,@/($)) is satisfied. 
Consider V satisfying 

(2.14) -C l (l + \x\ e - 1 )- K <V(x) <C l (l + \x\ e ~ l ) + K, x eR m 

for some constants 9 £ (1, k], C\ > and K £ K. such that /i(e y ) = 1. 
(1) If 9 < k, then the super Poincare inequality holds for (Sy, @(£y)) with 



/3 v (r) = C 2 exp 
for some positive constants C2 > 0. 



C 2 log«-i(l +r ^ 



(2) Let 9 — k. Then if Ci > is small enough, then the Poincare inequality (12. 9p holds 
for some constants C > 0. 



S 



Proof. According to [5j Example 1.2(2)], we know the super Poincare inequality (12. ip 
holds for {g, with 



(2.15) (3(r) = ciexp Cilog^-^l + r x ) 

for some constant C\ > 0. 

(1) By (I2.14p and the fact that 9 < n, one can find some constants C2, C3 > such that 
for n large enough 

K n , n {V) < c 2 n e -\ J ntn (V) < c 2 n e -\ s n , n {V) < e^" 1 . 

Therefore, for every r small enough, taking 

n = c 4 log 7 ^ (1 + r" 1 ) 

and 

s = exp ( - c 5 log(l + r" 1 )) 
for some constants C5 >> C4 >> 1, we obtain 

K n ,n(V) - T 



2(1 + 8Ar)' 



The first required assertion for super Poincare inequality of (Sy, @(<?v)) follows from 
Theorem 12.1( 1) and all the estimates above. 

(2) Let 6 — k. By (I2.14p . (I2.15P and the definition of fi, for n large enough we have 

K n , n (V) < 3C in K -\ /TV(M >n- I)" 1 ) < e"^" 1 , 

for some constant cq > depending only on (3 and \i. So, if C\ < cq/3, then inf n >i e n , n (V) < 
00. Therefore, by Theorem l2.1( 2). the defective Poincare inequality holds for (Sy, 3i{Sv))- 
Finally, according to [5j Proposition 2.6], the weak Poincare inequality holds for [Sy, ^{S'y)). 
Therefore, the Poincare inequality holds for (<£V, 2t($ v )). □ 

To show that in Example 12.4( 2) it is essential to assume that C\ > is small, we 
present below a counterexample inspired by [21 Proposition 5.1]. 

Proposition 2.5. In the situation of Example \2A\ let 9 = k, a G (0, 1) and m = 1. Let 

V(x) =K + LJ2 MnH,(n+l)H){x){n + l)*" 1 fa + 1 - -| J , 
n=l 

where H > 4, L > and K G K. are constants such that fi(e v ) = 1. T/ien (I2.14p /io/ds 
/or some constant C\ > and G M; however, for any C > 0, t/ie Poincare inequality 
(12. 9 P does not /io/d. 
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Proof. It suffices to disprove the Poincare inequality, for which we are going to construct 
a sequences of functions {f n } C srf such that 

lim Vr 7TT = °- 



For n > 1, let 

Jgn+l eX P(^~ y fa)) d ^ 



x G (#n+l,#(n+l) - 1) 



/i?i;i 1) " 1 -P(^-^(y))d 3 /' 

fn(x)=\ 1, x g + 1) - l,+oo), 

0, otherwise, 

which is a bounded Lipschitz continuous function on M, so that f n G srf . In the following 
calculations C stands for a constant which varies from line to line but is independent of 
n (may depend on H or L). We simply denote K n = L{n + l) K ~ l for n > 1, so that 



V(X) =K + J2 l[nH,(n+l)H)(x)K n (2n + 1 - -£j . 
n=l 



(a) Estimate on Var Mv (/ n ). For n large enough, since z h- )• (z K — K n+ \(2n + 3 — ^)) 
is increasing, we have 

M/n) > ^ + 1) < x < H(n + 2)) 

* C / L dU - K n+1 (2n + 3 - - 

JH(n+l) KZ K 1 H ^ V 

C{ exp ( - (H(n + 1)) K + tf n+1 ) - exp ( - (H(n + 2)) K - K n+1 ) } 



> 



> 



(n + 2) K ~ 1 
Cexp(-(H(n + l)r + K n+l ) 



(n + 2) K - 1 
Noting that for n large enough, 

M/n) 2 = M/nl{,>n}) 2 < MfnW(x > n) < 

we arrive at 

(2.16) V«„(/„) > g"P(-W"H;l))- + ^), 

(b) Estimate on £v(f n ). Let 

/ /.H(n+1)-1 \ 

0n(z) = / exp (y K - V(y))dy)f n (x). 

V JHn+l J 
10 



Noting that g' n {x) 7^ only when x G (Hn + 1, H(n + 1) — 1), we have 



/ " (7 'f^C dy)exp(-x« + V(x))dx 

JHn \J{\x-y\<l\ \X-y\ J 



= c T (n+1) ( [ 1 J : g ' ni f + f d y] ex p ( - ^ + ^)) d * 

ifln V ^{|as-y|<l,a;<i/} \X ~ y\ J 

+ C ! H(n+1) ( [ 1 J * g ' ni f + f *y) «P ( - ^ + n*))d* 

=: C(/i + J 2 ). 

Since g' n (x) = exp (x K — V(x)j for 2 G (Hn + l,H(n + 1) — 1), and since for large n the 
function z 1— > z K — V(z) is increasing on (Hn, H(n + 1)), by the Cauchy-Schwarz inequality 
we have, for x G (Hn, H(n + 1) — 1) and x < y < x + 1, 



'ijrE H| 9 ;(*i 



|x - ?/| 1+a 

fj,A(H(n+l)-l) 



< 



ligggT -^exp(^-y(,))d.| «W)-D 

I il+Q / \9n\ \ Z ) e 

\X — y\ JxV(Hn+l) 

exp((x + l)-- y( x + l)) ( r-C-M VWd2 y 



Thus, since a G (0, 1) 

*H(n+l)-l 



h<C[ \g' n \ 2 (z)ex V {-z K + V(z 

r rH{n+X)-l r 1 ■ 

x / / 1 ^dy exp (x + 1) K - x K - V(x + 1) + 7(z) dx 

. iffn W{|*_v|<l} F~J/| 7 V 7 

i.fl-(n+l)-l s. f OR 

<C( exp(z K -V(z))dz)exp[K(H(n+l)) K - 1 

^ J Hn+l ' ^ 



I Hn+l 

Similarly, we have 



H 



h<C exp {z K - V(z))dz. 

J Hn+l 

So, for n large enough, 

»H(n+l)-l x , 



M9n) <C( exp (z K - V(z))dz) exp (n + 1))' 

^ J Hn+l ' V 
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Moreover, for large n 

•H(n+1)-1 



/ exp [z K - V{zj) dz 

J Hn+l 



H(n+1)—1 exp ^ _ 2K n (Hn- Z ) _ JT B ) , _ 2K n {Hn - z) _ R 



Hn+1 KZ + —g- V 11 

{H~2)K n \ , iu (H-2)K n 



> Cexp ((if(n + 1) - 1) K + t"~^ A " ) - exp + 1, 



> 



(n + l)^- 1 
Cexp ((# (n + 1) - 1) K + <*=|}*») 



(n + 

Therefore, for large n, 



(2.17) < Cexp (^(n+l))"-^^) 



ff(n+l)-l 



/Zi exp - F(z))dz 



< C(n + l)"" 1 exp («(iy(n + l))"" 1 - (H(n + 1) - 1)* 

(c) Combining ( I2.16P with ( I2.17P and noting that 

(H(n + 1)) K - {H(n + 1) - 1) K < k(H(u + l))*" 1 , 

we obtain 

lim MfnM 
n^oo Var uv (f n ) 

< C lim (n + 2) 2(K - X) exp ( 2k(H(ti + I))"' 1 - 2(Jf ~ 2 ^ K n ) = 

since 



□ 



2.2 Proofs of Theorems EU and I2T21 

As in [21 Theorem 3.1], we shall adopt a split argument by estimating //(/ 2 l{ p > n }) and 
yLi(/ 2 l{p< n }) respectively. Unlike in the local setting where the chain rule is available, 
in the present situation the uniform norm ||/||oo will appear in our estimates when the 
range of jumps is infinite. Below we simply denote K n ^ = K n> k(V), J n ,k = Jn,k(V), Z n = 
Z n (V),e n , k = e n , k (V), ( n = Cn(V) and ti,n,k = U,n,k{8, V). 
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Lemma 2.6. For any n > 1, k > 1 and f G stf ' , 

p2i \ / jP ( f\ i i oo \ _ ,. z' -f 2\ i n«/* II f II 2 



M/ l{p>n}) < I2e n , k <? v (f) + 128Ae n , fc ^v(r) + 96(^1 
Proof. If /|{p< n -i} = 0, by the Cauchy-Schwartz inequality we have 

MI/I) 2 = /i(|/|l {p >„_i } ) 2 < > n - i)M/ 2 )- 

Substituting this into (12. ip with r = "( 2M ( p > n _i) ) we obtain 

(2.18) M/ 2 ) < 2/?- 1 (l/[2 M (p > n - 1)])#(J), / G < /| {p <n-i} = 0. 

To apply (12.181) for general / G we consider /Z n instead of /, where l n := h n o p 
for some function h n G C°°([0, oo); [0, oo)) satisfying 

= 1, n < s < n + 1, 

fon(s) ^ 6 [0,1], rt - 1 < s < n orn + l<s<n + 2, 
= 0, s < n — 1 or s>n|2, 

and 

sup |/i' n (s)|<2. 

se[o,oo) 

It is easy to see that 

\ln(x) - ln(y)\ < 2(1 A d(x,y)){l{p( x ) £ ( n - 2 ,n+3)} + l{p{y)£(n-l,n+2),p(x)<£(n-2,n+3)} } • 

This implies 

r(/U(x) 

<2 / {Z n ( 2/ ) 2 (/( a; )-/( 2/ )) 2 + /(x) 2 (i n ( ; r)-Z n ( 2 /)) 2 }g( a;)2 /) / .(d 2 /) 
(2 ' 19) < 2 / (/(*) - f(y)) 2 q(x, y)ri*y) + 8A/(a:) 2 l M:c)e(n _ 2 , n+ 3) } 

J {p(y)€(n-l,n+2)} 

+ 8f 2 (x)l {p[xmn _ 2 ,n+3)} / q(x,y)p(dy). 

J {p(y)e{n-l,n+2)} 

Since 

l{p(a0*(n-2,n+3)} / ?(^, y)K d V) < l{p(x)^(n-2,n+3)} / q(x,y)/l(dy) < X, 

J{p(y)e(n-l,n+2)} J{d(x,y)>l} 

we have r(/Z n ) G &b(E), and /Z n G =fi/. 
Let 

<W = e^/3" 1 (l/[2/i(p > n - 1)]), fl n := e^^/T 1 (l/[2/i(p > n - 1)]). 
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Combining ( 12 . 1 8[) with ( 12 . 1 9j) . and noting that p(y) G {n — 1, n + 2) and p(x) > n + k + 2 
imply d(x, y) > k, and 

(/0) - f(y)) 2 Q(x,y)p(dy)n(dx) 

{p(x)>n+k+2,p(y)e(n-l,n+2)} 
I oo 



'{p(x)>n+k+2,p(y)e(n-l,n+2),d(x,y)>k} 

we obtain 

MfX) < e suPp ^ +2V KfX) 

< 2e su Pp<^ y /3- 1 (l/[2/i(p > n - l)])&{fl n ) 

< 2e su Pp<^ y /3- 1 (l/[2/x(p > n - l)])/i(l {p < re+fe+2} r(/0) 
+ 2e sup ^ y /3" 1 (l/[2/i(p > n - l)])^(l {p>n+fc+2} r(// n )) 

/ 99n \ < 45„ ifc / / (f(x) - f{y)) 2 q{x,y)p J {dy)p JV {dx) 

^ ^ •/ V{p(x)<n+fe+2,p(j/)e(n-l,n+2)} 

+ 16(5 ni feA/iy (l{ pe ( n _2,n+3)}/ 2 ) 



+ 165„, fc / / /(z) q(x 1 y)p(dy)p v (dx) 

'{p(x)<n+k+2,p(x)^{n-2,n+S),p{y)e(n-l,n+2)} 



+ 320 B ||/||£, // q(x,y)p(dy)p(dx). 

J J {p(y)^(n-l,n+2),d(x,y)>k} 

Noting that e n)k = sup m > n 5 m , k , ( n = sup m > n m , J2m=i l{p(y)e(m-i,m+2)} < 3 and 

1{p{x)<n+k+2,p(x)<£(n-2,n+3),p(y)€(n-l,n+2)} < l{d(x,y)>l,p(y)e(n-l,n+2)} , 

and taking summations in (12. 2Uj) from n, we arrive at 

oo 
m=n 

I2e n , k [ [ (/(£) - f(y)) 2 q(x, y)^(dy)^ v (dx) + 80e n , k Xp v (f 2 ) 

J J ExE 



< 



+ 48e nifc // f(x) 2 q{x,y)p{dy)p v (dx) 

JJ{d(x,y)>l} 

+ 96C„||/||L // q(x,y)n(dy)iM(dx) 

J J {p(y)>n-l,d(x,y)>k} 

< I2e n , k £ v {f) + 128Xe ntkf i v (f 2 ) + 96^7^1' ' 



□ 



Lemma 2.7. For any n, k > 1, s > and / G s# ' , 

Mfkp<n}) < 2se K ^£ v {f) + lQXse K ^p v (f 2 ) + lBseN^U/ll^ + /3( S )e J ».^ v (|/|) 2 
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Proof. Let </> n : [0, oo) — > [0, oo) be a smooth function such that 

{=1, s < n, 

G [0, 1], n<s<n+l, 
= 0, s > n + 1, 

and 

sup W n {s)\<2. 

se[o,oo) 

Set g n = (pn° P- Then g n E -stf and 

|0n(aO -0n(y)| < 2(1 Ad(x,y))(l {p(a;)<n+l} + l{p(x)>n+l,p(y)<n+l} ) • 
So, similarly to (I2.19p we have 

T(f 9n )(x) < 2 [ (f(x) - f(y)) 2 q(x jy )^dy) 

J{p(y)<n+i} 

+ 8f 2 { x )^-{p{x)>n+k+2} / q{x,y)fj.(dy). 

Hp(y)<n+i} 

Note that p(x) > n + k + 2 and < n + 1 imply that <i(x, y) > A;, and 

(f(x) - f(y)) 2 q(x,y)ii(dy)n(dx) 



' {p(x)>n+k+2,p(y)<n+l} 

<M\f\\l [[ q(x,y)ii(dy)n(dz) 



\2 



J J {p(x)>n+k+2,p(y)<n+l,d(x,y)>k} 

Combining all the estimates above with (12. ip . we obtain 
^v(/ 2 l{p<n}) 

<Hv(f 2 g 2 n )<e s ^^ v n(f 2 g 2 n ) 

< e s ^<" + ^{ S /i(r(/^)) +/3( S )MI/^n|) 2 } 

= e sup ^" +1 v { Sf i(l {p < n+k+2} r(fg n )) + s/i(l {p>n+fe+2} r(/^)) + P(s)fji(\fg n \) 

< se K ^p v {l {p < n+k+2} T{fg n )) + se s ^<^ v fi(l {p>n+k+2} T(fg n )) + /3( S )e J ^MI/l) 

< 2se Jf ».^v(/) + 16\se K ^fi v (f 2 ) + 16seNn,fc||/||« + /3(s)e J "^ v (\f\) 2 . 

□ 

Now, we are in a position to prove Theorem 12.11 
Proof of Theorem \2.1[ It suffices to prove for / G 



2 
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(1) Since q(x,y) = for d(x,y) > k , we have = f] n ^ = for all k > k Q So, by 
Lemmas 12.61 and 12.71 

Mf) <2(6£„, fc + se K ^)Mf) + 16A(8e n , fc + se K ^)fi v (f) 
+ f3(s)e J ^^ v (\f\) 2 , s > 0, n > 1, fc > fc . 

If inf^i^^fc,, e ni fc = 0, then for any r' G (0, r] there exist s > 0, n > 1 and k > ko such 
that 

8e n . fc + se*"- fc < 



16Ar' 



Combining this with (I2.2ip we obtain 

Mf) < r'Mf) + (! + 8Ar')/3( S )e J ^/i y (|/|) 2 < + (1 + 8\r')P(s)e J ^ M\f\) 2 - 

This implies the super Poincare inequality for the desired /3y. 
(2) If 

(2.22) inf e n)k < 



n>l,k>ko ' 128A 

then there exist n > 1, k > ko and s > such that 

16X(8e n!k + se Kn ' k ) < 1. 

Therefore, the defective Poincare inequality follows from (I2.2ip . 

To prove (12.21) without condition (12.221) . we follow the approach in the proof of [2j 
Theorem 3.1(2)] by making bounded perturbations of V. For any N > 1, write 

V = V N + (VAN)V (-N), V N := (V - N)1 {V > N} + (V + N)l {v <_ N} . 

Since (V A N) V (— iV) is bounded and the defective Poincare inequality is stable under 
bounded perturbations of V, we only need to prove that when V is unbounded we may 
find N > 1 such that the defective Poincare inequality holds for Vn in place of V. It is 
easy to check that for n large enough 

T/ . / ( sup <„ V) - N, if sup s 1/ = +cx), 
sup Vjv < < ' 

and 

. f ( inf p<n I/) + JV, if inf B V = -oo, 

mf Vjy > < 7 

p<™ inf p < n V, if mf E V > — oo. 

Thus, for large n we have -^^(^/v) < K n ,k(V) ~ N, so that 
(2 23) inf en,fc(Viv) < e~ N inf e nj k(V). 

Since inf^i^^ £ n ,fe(^0 < °°9 we see that (12.221) holds for Vn in place of V when N is 
large enough. Therefore, the defective Poincare inequality holds for Vn in place of V as 
observed above. □ 
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Next, we turn to the proof of Theorem 12.21 To get rid of the uniform norm included 
in Lemmas 12.61 and I2.7[ we adopt a cut-off argument as in the proof of [121 Theorem 3.2] 
or [HI Theorem 3.3.3]. More precisely, for 5 > 1 in assumption (A) and a non-negative 
function /, let 

(2.24) A< = (/-**)+ A (a 4 * 1 -**), *>o. 

According to [TU Lemma 3.3.2], for / G @{$v) and i,j > 0, we have fs,i, (f — 5?) + and 
/ A 62 G 9{S V ). Moreover, 

oo 

(2.25) Mfs,i) < M(J - M(J - ^) + ) + Mf a si) < Mf)- 

i=j 

We also have the following lemma. 

Lemma 2.8. For any non-negative function f and k G Z + := {0, 1, 2, • ■ ■ }, 

oo 

(2-26) £^,>c(<5)((/-**) + ) 2 . 

i=k 

Proof. We shall simply use / to denote its value at a fixed point. If / < 1, then both 
sides in (12. 26ft are equal to zero. Assume that / G (6*,6~z~] for some I G Z + . If I < k 
then 

oo 

E4 = ((/- 5f ) + ) 2 > c ( 5 )((/- 5l ) + ) 2 - 

i=k 

Next, if I > k then 



J2fh>^-S^r = c(5)5 l ^>c(S)f. 



i=k 



In conclusion, f!2.26j) holds. □ 

Proof of Theorem \2.2i Since <£V(I/U/I) — <^v{f,f) f° r every / G &/, without loss of 
generality, we may and do assume that / G srf with / > and Hv{f 2 ) — 1- 
( 1 ) By Lemmas 12.61 and I2.7[ we have 

(2 27) ^ f2) ~ 2 ^ £n ' k + seK ^)^W + 16A(8e„, fc + se K ^)fi V (f 2 ) 

+ 0(s)e J ^^i v (\f\) 2 + 16(6C„.7n, fe + se^n,*) \\f\\l, s,k>l,n>l. 

Next, let r > 0, {(n i; hi)} G Is, j G D(r, {(n«, fa)}) be fixed, and let fs,i be defined by 
(12.24)) . Since HZ^H^ < c(5)5 l+2 and by the Cauchy-Schwarz inequality 

MA*) 2 = MfsA{f>s^y) 2 < Mfli)w(f 2 > Sl ) < Mfh)s-\ 
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it follows from (12. 3 j) and (I2.27P with n = rii and s = that 
cf(f)r 1 

M/|J < "Y-^(A0 + 2^(&) + 16c(5)(6C„ l7 n llfc! + U, niM e z ^r, ni , ki )5 i+2 , i > j. 
That is, 

M/|i) < ^^(/i,<) + 32c(6)(6( niMlrii , ki + W^^)^ 2 , z > j. 
Taking summation over i > j and using (I2.25p . (12.261) and (12. 4p . we obtain 

(2-28) ai v ((/ - 5^) +2 ) < ^((/ - ^) + ) + ~ 

On the other hand, noting that c(5) G (0, 1) and 5 > 1, applying (I2.27P with n = nj and 
s = tj,nj,kj to / A 8i, and combining with (12. 3p . (12. 4p . we obtain 

Mf 2 a v) < a si) + l -Mf a <p') + jMI/l) 2 

< A **) + ^M/ 2 A 5 J ) + jMI/l) 2 + ^. 



Thus, 



M/ 2 a V) < r -<? v (f a **) + ^Ml/I) 2 + ^ 



Combining this with (I2.28P and using (I2.25p . we arrive at 

l = ^(/ 2 )</iy{((/-^) + + (/A^)) 2 } 
<2 / i y (((/-5i) + ) 2 )+2 /Uy (/ 2 A^) 

< \ (M(f ~ + Mf A **)) +\ + 5^ v {\f\f 

<^Mf) + \ + ^M\f\) 2 - 

Therefore, 

(2.29) Mf)<rMf) + WM\f\) 2 

holds for all {(rii, hi)} G Is and j G D(r, {(nj, fci)}). This proves (I2.5P for the desired j3y- 
(2) If 

(2.30) limsup^.^ + \ ni>ki e K ^) < 



64A' 
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then there exist a constant r > and j > 1 such that (12.31) and f!2.4[) hold, i.e. j G 
D{r, {(rii, ki)}). So, the arguments in (1) ensure (I2.29p . and so the defective Poincare 
inequality for C\ — r and C*2 = 2<5- 7 . Let Vjv be in the proof of Theorem 12.1( 2). It follows 
from the proof of Theorem 12.1( 2) that for n large enough K n ^(VN) < K nj k(V) — N. Since 
J n ,k(VN) < Jn,k(V) and (3(r) is decreasing, we have 

limsupt Wifci (<5, V N )e K "f*W < e~ N \imsupt itniM (5,V)e K ^ v \ 

i— >oo i— >oo 

which combined with (I2.23P yields that 

limsup (e ni M(yN)+ti, ni ,kX^V N )e K ^ v A < e^limsup (^(^O+W^, V)e K ^ v A . 

Then the remainder of the proof is similar to that of Theorem 12.1( 2) by using (I2.30P 
instead of <KT2§ . □ 



2.3 Perturbations for the super Poincare inequality under a 
variation condition 

It is well known that in the diffusion case the super Poincare inequality is stable under 
Lipschitz perturbations (see [121 Proposition 2.6]). The aim of this section is to extend this 
result to the non-local setting using a variation condition on suppg := {(x,y) : q{x,y) > 
0}. 

Theorem 2.9. Assume that (12. ip holds. If there exists a constant K\ > such that 
K2 := fi(e~ 2V ) < oo and 

(2.31) \V(x)-V(y)\<K 1 (lAd(x,y)), (x, y) G supp q. 

Then (12 .5p holds for 

Pv{s) :=inf |l6/€ 2 /3(r) 3 (4 + A^ s / ) : s' G (0, s], < r < 4^^, }. s > °- 

Proof. To prove (12.11) for the desired /3y, we may and do assume that 1/ is bounded. 
Indeed, for any n > 1 let 

14 = (y a n) V (-n) - log /i(e( yAn ) v ("")). 

Then /i(e y ") = 1, flOTj) holds for V n in place of 7, and 

lim /i(e~ 2Vn ) = k 2 . 

n— >oo 

Thus, applying the assertion to the bounded V n and letting n — > 00, we complete the 
proof. 
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Now, let V be bounded and let / G si with = 1. Take / = /e? . By we 

have for every 1,1/6 suppg, 

(1-e 5 ) < -^(1 Ad 2 (x,y)), 

hence 

r(/)(x)<2 / { e ^)(/(x)-/(y)) 2 + / 2 (x)(e^-e^) 2 )g(x,y)Mdy) 



< 2e y(x)+Ki r(/)(x) + ^ 2 Ae y(a;)+Kl / 2 (x). 

Since 1/ is bounded, this implies / G stf '. Moreover, combining this with (12. ip . we obtain 

M/ 2 ) = Mf) < rMT(/)) + /3(r)/i(|/|) 2 
(2 32) 2 

< 2re Kl ^V(/) + r^Ae^M/ 2 ) + /3(r)/i y (|/| e -^) 2 . 

Since = 1, for any R > we have > R) < ^, and hence, 

Ml/le-^) 2 < 2^(|/|e-^l {m < Ji} ) 2 + 2/iv(|/|e-^l { | / |> /?} ) 2 

< 2Rfx v (\f\h-^) 2 + 2 f i v (f 2 ) f i V (e- v l {lfl>R} ) 

< 2R» v (\f\)» v (e- v ) + 2M/VMI/I ^%pj 

< 2R + 2/i v (f 



p2\ V K2 



Taking i? = 16/t2/3(^) 2 , we get 

/3(r)Mme-^) 2 < 32 K2 /3(r) 3 + ^M/ 2 ). 
Substituting this into (12.321) . we arrive at 

M/ 2 ) < 4re Kl ^(/) + ™ 2 Ae Kl M/ 2 ) + 64K 2 /3(r) 3 . 
Therefore, for any s' G (0, s] such that 



r < 



s'e Kl 



4 + A«; 2 s'' 
we have 

Mf) < s'Mf) + 16M(r) 3 (4 + XkIs') < sS v {f) + 16«; 2 /3(r) 3 (4 + A«V). 
This implies the desired super Poincare inequality. □ 
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Let E = R m and d(x,y) — \x — y\. If the jump has a finite range, i.e. there is a 
constant k > 1 such that q{x,y) = for \x — y\ > k, then f)2.3ip holds for any Lipschitz 
function V. Therefore, the above theorem implies that the super Poincare inequality is 
stable for all Lipschitiz perturbations as is known in the diffusion case. In particular, 
since the defective log-Sobolev inequality 

Mflog/ 2 ) < C^(f) + C 2 , f g SW,M/ 2 ) = i 

holds for some C\,Ci > if and only if the super Poincare inequality (12.11) holds for 
(3(r) = e c ( 1+r ) for some c > 0, see [T3l Corllary 1.1] for 5 = 1, we conclude from 
Theorem 12.91 that the defective log-Sobolev inequality is stable under perturbations of 
Lipschitz functions V. See [5], Example 1.2] for examples of fi and q having finite range of 
jumps such that the log-Sobolev inequality holds. 

3 Perturbations for the weak Poincare inequality 

Suppose that the weak Poincare inequality 

(3.1) M/ 2 ) < £(»W, /) + r||/||L r > 0, / G = 0, 

holds for some decreasing function (3 : (0, oo) — > (0, oo). To derive the weak Poincare 
inequality for Sy using growth conditions on V, for any n, k > 1 let 

K n>k (V) = supV- inf V, Z n (V) = supV, 

p<n p<n+k+l p < n 



Vn,k= q(x,y)n(dy)fi(dx), % = / / q(x,y)[i(dy)[i(dx). 

J J {p(x)>n+k+l,p(y)<n+l} J J{d(x,y)>k} 

It is clear that fj nt k < %• By (11. lj) we have fj nt k iOasnjooor&joo. 

Theorem 3.1. Assume that the weak Poincare inequality (13. ip holds. If for any e > 

(3.2) inf e^M^ee-^OO) + ^ + ^ > n _ fc)) = 0, 

n,k>l 

then 

(3.3) Mf) < &y{r)£y{L f) + r||/||L r > 0, / G M/) = 
/ioWs /or 

/? v (r) := inf |2^^e-^)e^ k(v) : 6//y(p > n) 

+ 2e^ (y) /3Qe-^( y ))(4r/ nifc + 7 fc + 4A y u(p>n-/c)) < ^} < oo, r > 0. 
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Proof. It is easy to see that (13. 2 j) implies A/( r ) < oo for r > 0. Let <7 n be in the proof of 
Lemma [2.71 Then for any / 6 srf with pv{f) — 0, we have 

Mf9nf = M/(l " ^n)) 2 < ||/||L/*V(P > ^) 2 - 

Moreover, 

Var w (/^„) < p v ((fg n - p{fg n )f) 

< e su P^» y //(l {/ ,< n} (^„ - /i(/^)) 2 ) + ^v(l {p >„ } (/^ - M/Sn)) 2 ) 

< ^» v Var M (/^) +4||/||^ v (p > n). 

Then 

, . M/ 2 ) < Var^(/^ n ) + p v (fg n ) 2 + /iy(/ 2 l {p >n}) 

< e™«s» v Var M (/y B ) + 6||/||LMp > n). 
On the other hand, we have 

e su *W v #(/<7 n ) <2e su ^ y / / g 2 n (y)(f(x) - f(y)) 2 q(x,y)p(dy)p(dx) 

J J ExE 

+ 2e s ^ v [ [ f 2 (x)(g n (x)-g n (y)) 2 q(x,y)p(dy)p(dx) 

J J ExE 

<2e R ^ v ^ v (f) + 2e^ v \4fj n , k + % + 4Xp(p >n- k))\\f\\ 2 



OO ' 



where in the last inequality we made the first integral on the sets {p(x) < n + k + 1} and 
{p{x) > n + k + 1}, and the second integral on the sets {p(x) < n — k} and {p(x) >n — k}, 
and also used the facts that 

g 2 n (y)(f(x) - f(y)) 2 q(x,y)p(dy)p(dx) < lvn,k\\f\\L 

{p(x)>n+k+l} 

f 2 (x)(g n (x) - g n (y)) 2 q(x,y)p(dy)p(dx) < 7fc||/||L 

{p(x)<n— k} 



f 2 (x)(g n (x) - g n (y)) 2 q(x,y)p(dy)p(dx) < 4A/i(p > n - 



'{p(x)>n— k} 

Combining this with (13. 4 j) and (13. ip . we arrive at 



M/ 2 ) <2/3( S )e^W^ y (/) 

+ II/II»{6Mp > + 4 ^" (y) + 2f3( S )e^ v \4fj n , k + % + 4Xp(p >n-k))}. 
So, for any r > 0, let s = ^e~ Zn ^ v \ If for some n, k > 1 one has 

6MP > «) + 2e^ (y) /3(^e"^ (v/) ) (4r/ n , fc + % + A\p{p > n — k)) < ~, 

then 

p v (f 2 )<2^s)e^ v ^ v (f)+r\\f\\l . 
Therefore, the proof is finished. □ 
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To conclude this section, we present an example where {£ 3t{$)) satisfies the Poincare 
inequality, i.e. the weak Poincare inequality (13. ip holds for a constant function (3. 

Example 3.2. Let E = R m with d(x, y) = \x - y\. Let 

(l + \y\) m+a ( , c m , a dx 



\ X — y\-(m+a) > ^\ > (1 + |x|)' m+Q? 

for some constant < a < 2, where normalizing constant such that /i is a 

probability measure. Then srf D C^IR" 1 ), and according to [15], Corollary 1.2(1)], (13. ip 
holds for a constant rate function f}(r) = /3 > 0. 
Now, let V be measurable satisfying 

(3.5) - selog(l+ |x|) -K < V(x) < (1 - s)elog(l + \x\) + K, x G K m 

for some constants e G [0, a), s G [0, 1] and K G K such that p{e v ) = 1. Then the weak 
Poincare inequality (13. 3 p holds with 

(3.6) fair) = C(l + r -«/(«-(i-»)«)) 

for some constant C > 0. 

Moreover, the assertion is sharp in the following two cases with s = 0. 

(i) (3y in (I3.6P is sharp, i.e. (3y can not be replaced by any essentially smaller functions: 
if 

lim r £/{ - a - £) (3 v (r) = 0, 
then the weak Poincare inequality (13. 3p does not hold. 

(ii) The constant K can not be replaced by any unbounded functions: for 
(3.7) V(x) = elog(l + |z|) + </>(\x\) + K , 

where e G [0, a), <fi : [0, +oo) — > [0, +oo) is an increasing function with 0(r) t oo as 
rfoo such that ^(e^^+HH'MH)) < oo, and K G M d is such that p(e v ) = 1, the 
weak Poincare inequality (13. 3p with the rate function (3 V given by (13. 6 p does not 
hold. 

Proof. Take k — ^ . Then there is a constant C\ > such that for n large enough 

K n n{V) <elog(l+n) + ci, Z n (V) < e(l - s) log(l + n) + Cl , 
77 njf + 7f + /i(p > -) < — , /i y (p > n) < wa _ (1 _ a)e - 

Since e G [0, a), we see that ( 13. 2p holds and there exists C2 > such that 

-)) < 

2 ' ~ 2ra a -( 1 " s ) £ 



6fi v (p > n) + 2/3e^W(4^, ? +7 f +4A/i(p > J)) < J, 2 ^ , n > 1. 
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Thus, in the definition of fiy for small r > we may take n = (y) Q ~ (1 ~ s,e to get 

/3 v (r) < 2/3e^-t (y) < C3r -*/(«-(i-«)e) 

for some constant C3 > 0. Therefore, there exists C > such that the weak Poincare 
inequality ( 13. 3 p holds for (3 V given in ( 13. 6p . 

It remains to verify (i) and (ii), where the assertion (i) has been included in [To] 
Corollary 1.2(3)]. So, it suffices to consider (ii). Now, assume that the weak Poincare 
inequality holds for (Sy, @(£v)) with the rate function 

Pv{r) = c 4 (l + r~~) 

for some constant C4 > 0. For any n > 1, let f n G C°°(M a! ) be in part (b) of the proof 
of Example 12.31 By (12. lip and noting that fiv(fn) 2 < \^v{fn) f° r large n, there exist 
constants C5, cq > such that for n large enough, 

Mfn) < C 5 n-«, Mfn) ~ Mfn) 2 > ■ 

Combining these with (13. 3p . we obtain that there exists c-j > such that for all r > and 
for n large enough, 

< h r. 



n"~ c TV- 

Taking r = y^r=7 i n the inequality above, we arrive at 



7 e*'">\ _ c 7 m 



< 3 - 8 > Hi^ ) > -i^ 

Since there is c 8 > such that for n large enough 

e 4>(n) r e 4>(\x\) 



it holds that 

lim = 0, 

which, along with the definition of /3y, yields that there is a constant eg > such that for 
n large enough 

<<*»■.-*•>«">, 

which is a contradiction to (13. 8p since lim,,..^ 0(r) = 00. Therefore, the weak Poincare 
inequality does not hold with the rate function ( 13. 6p . □ 
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